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In this work, motivated by the sine-square deformation (SSD) for (1+1)-dimensional quantum critical sys-
tems, we study the non-equilibrium quantum dynamics of a conformal field theory (CFT) with SSD, which was
recently proposed to have continuous energy spectrum and continuous Virasoro algebra. In particular, we study
the time evolution of entanglement entropy after a quantum quench from a uniform CFT, which is defined on
a finite space of length L, to a sine-square deformed CFT. We find there is a crossover time t∗ that divides the
entanglement evolution into two interesting regions. For t  t∗, the entanglement entropy does not evolve in
time; for t  t∗, the entanglement entropy grows as SA(t) ' c3 log t, which is independent of the lengths
of the subsystem and the total system. This log t growth with no revival indicates that a sine-square deformed
CFT effectively has an infinite length, in agreement with previous studies based on the energy spectrum anal-
ysis. Furthermore, we study the quench dynamics for a CFT with Mo¨bius deformation, which interpolates
between a uniform CFT and a sine-square deformed CFT. The entanglement entropy oscillates in time with
period Leff = L cosh(2θ), with θ = 0 corresponding to the uniform case and θ →∞ corresponding to the SSD
limit. Our field theory calculation is confirmed by a numerical study on a (1+1)-d critical fermion chain.
I. INTRODUCTION
(1+1)-dimensional quantum many-body systems with sine-
square deformation (SSD) have been extensively studied in re-
cent years.1–18 The SSD was originally introduced as a spatial
deformation of Hamiltonian density that efficiently suppresses
the boundary effects.1–4 The set-up is as follows: Consider a
(1+1)-d quantum many-body system with open boundary con-
dition and Hamiltonian
H0 =
∫ L
0
h(x)dx, (1.1)
where h(x) is the Hamiltonian density. For simplicity, we
assume h(x) is uniform. Now we deform the Hamiltonian as
follows
HSSD =
∫ L
0
2 sin2
(pix
L
)
h(x)dx. (1.2)
Apparently, the system is disconnected at x = 0 (L). This
kind of deformation shows remarkable properties for (1+1)-d
quantum critical systems. It was found that the ground state
of (1.2) is identical to that of a uniform system with periodic
boundary condition within numerical accuracy.3–7 This prop-
erty was further verified analytically in some exactly solvable
models.8–10,12
Later, the SSD of a two dimensional conformal field theory
(CFT) was investigated in Ref.8, where it is found that the
Hamiltonian for a generic CFT with SSD can be expressed as
L0 + L¯0, where
L0 = L0 − L1 + L−1
2
, (1.3)
and similarly for L¯0. Here Ln (n = 0,±1, · · · ) are Virasoro
generators in a CFT.19 Considering the Hamiltonian (1.2),
since sin2(pixL ) vanishes at the boundary, there is no differ-
ence in the system between an open boundary condition and
a periodic boundary condition. On the other hand, for peri-
odic boundary condition the Hamiltonian (1.3) has the same
ground state as a uniform CFT with Hamiltonian L0 + L¯0,
because in periodic system the CFT vacuum is annihilated by
(L1 + L−1)/2 and (L¯1 + L¯−1)/2. With these two observa-
tions, the ground state of the SSD system with open boundary
condition is the same as that for a uniform system with peri-
odic boundary condition.
In two recent papers by Ishibashi and Tada,13,14 they stud-
ied the sine-square deformed CFT by dipolar quantization.
Choosing different time slices and time translations, they
showed that 2d CFTs with SSD have different quantization
other than the radial quantization, which is called dipolar
quantization. They also found a continuous Virasoro algebra
which is labeled by a continuous real index κ:
[Lκ,L′κ] = (κ− κ′)Lκ+κ′ +
c
12
κ3δ(κ+ κ′), (1.4)
with κ > 0, and here c is the central charge of the CFT. This
continuous Virasoro algebra results in a continuous spectrum
in the CFT with SSD, which implies that the sine-square de-
formed CFT effectively has an infinite length, even though it
is defined on a finite space.
To further understand the property of CFTs with SSD, some
regularization schemes were proposed recently.15,16 It was
found that the connection between the uniform system and
the SSD system can be built by considering the parameterized
Hamiltonian L0 + L¯0 with15
L0 = L0 − tanh(2θ)L1 + L−1
2
, (1.5)
and similarly for L¯0. Here one can choose θ ≥ 0 without
loss of generality. It can be checked that the rescaled Hamil-
tonian cosh(2θ) ·(L0 + L¯0) is related to the conventional one
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2L0 + L¯0 by a Mo¨bius transformation.15 For this reason, we
will refer to the Hamiltonian defined through Eq.(1.5) as the
Mo¨bius Hamiltonian, and we will call this kind of deforma-
tion as Mo¨bius deformation. It is noted that for Mo¨bius defor-
mation, one has a Mo¨bius quantization that bridges the radial
quantization for the conventional case and the dipolar quan-
tization for the SSD case. One can refer to Ref.15 for more
details. Then θ = 0 corresponds to the uniform case, and
θ → ∞ corresponds to the SSD limit. Within Mo¨bius defor-
mation, one can find a Virasoro algebra which is the same as
Eq.(1.4), except that now κ is not a continuous real index but it
has the expression κ = ncosh(2θ) , where n is an integer. In the
SSD limit θ → ∞, κ becomes continuous, which results in a
continuous spectrum as observed by Ishibashi and Tada.13,14
A. Our motivation
Based on the introduction above, now let us state our moti-
vations in this work:
1. Given the continuous energy spectrum for a CFT with
SSD, how does it affect the non-equilibrium quantum
dynamics? To avoid any operator dependence, we will
study the entanglement evolution in quench dynamics.
It is interesting to see if there is any universal feature in
the entanglement evolution, and if yes, how it is related
with the continuous spectrum. As far as we know, there
is no work studying the entanglement property of a CFT
with SSD in the non-equilibrium case.
2. Since the Mo¨bius Hamiltonian [see Eq.(1.5)] interpo-
lates between the uniform system and SSD system. It
is also interesting to study the quench dynamics gov-
erned by this Hamiltonian, and see how it behaves as
we approach the SSD limit.
3. There is much recent interest in studying the entangle-
ment property in CFT in curved spacetime (See, e.g.,
Refs.20–28.) One interesting setup is based on the in-
homogeneous Hamiltonian density.25 We hope that our
work will provide a nice setup and approach in this di-
rection.
The rest of this paper is organized as follows: In Sec.II, we
introduce our setup of quantum quench, and study the entan-
glement evolution after a quantum quench from a uniform sys-
tem to a SSD system. Then in Sec.III, we study the quench dy-
namics for the Mo¨bius case, and see how it connects the uni-
form and SSD cases. In Sec.IV, we present some discussions
and conclude our work. In Appendix A, we introduce the lat-
tice model based on which we do numerical calculations. In
Appendix B, we interpret the SSD and Mo¨bius Hamiltonian
as a CFT in curved spacetime.
II. ENTANGLEMENT EVOLUTION:
FIG. 1. For t < 0, we prepare our initial state as the ground state of a
uniform CFT with open boundary condition. From t = 0, we evolve
the initial state with a sine-square deformed Hamiltonian. The red
solid lines represent the strength of Hamiltonian density. The lattice
represents a microscopic model that may realize the CFT in IR limit.
QUENCH FROM UNIFORM TO SSD SYSTEMS
A. Setup
There are several interesting setups for quantum quenches,
such as the global quench,29–31 local quench,32–35 and inho-
mogeneous quantum quench.3622–25,37–41
Here, we consider a quantum quench from a uniform CFT
to a non-uniform CFT. As shown in Fig.1, we prepare our
initial state as the ground state |G〉 of a uniform CFT on a fi-
nite space [0, L], with an open boundary condition. (The rea-
son we do not choose a periodic boundary condition (PBC)
is that, as mentioned in the introduction, a critical system
with a PBC shares the same ground state with the SSD sys-
tem, and no quench is expected to happen in this case. It
is noted, however, that there may be some difference in
the ground states at UV scale. We are not interested in
quantum quench in this case, the feature of which is non-
universal.) Then at t = 0, we switch the Hamiltonian to
the sine-square deformed one. Then the time dependent state
can be written as |ψ(t)〉 = e−iHSSDt|G〉. The correlation
function of O(x1) · · ·O(xn) at time t can be expressed as
〈G|eiHSSDtO(x1) · · ·O(xn)e−iHSSDt|G〉.
Throughout this work, to study the quench dynamics of a
sine-square deformed CFT, we are interested in the time evo-
lution of entanglement entropy for a subsystem A = [0, l].
The entanglement measure we use is the so-called Renyi en-
tropy
S
(n)
A (t) =
1
1− n log tr [ρ
n
A(t)] , (2.1)
and the von-Neumann entropy
SA(t) = lim
n→1
S
(n)
A (t). (2.2)
The term tr(ρnA) in S
(n)
A (t) is related with the single-point cor-
relation function of twist operator as follows:42
tr(ρnA) = 〈G|eiHSSDtTn(x = l)e−iHSSDt|G〉, (2.3)
3Euclidean time
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FIG. 2. Path integral representation for the correlation function
〈G|eiHSSDtO(x = l)e−iHSSDt|G〉. The ground state |G〉 of Hamilto-
nianH0 can be considered as the path integral starting from τ = −∞
and evolving to τ = 0 according to Hamiltonian H0. The width of
this strip is L. Then the ground state evolves in the Lorentzian time
direction according to the new Hamiltonian HSSD. After inserting an
operator O(x) at x = l, we evolve the state back to τ = 0. Then the
state evolves to τ = +∞ with H0.
where Tn is a primary operator with conformal dimension
h =
c
24
(
n− 1
n
)
, (2.4)
In the following, we will evaluate the correlation function in
Eq.(2.3) with path integral method. Pictorially, 〈ψ(t)|Tn(x =
l)|ψ(t)〉 is shown in Fig.2 by setting O(x) = Tn(x). Note
that there are both Euclidean time and Lorentzian time in the
path integral. As shown in the following part, we will do cal-
culation in the Euclidean spacetime by setting it = τ , and
analytically continue back to Lorentzian time in the final step.
B. Entanglement evolution after a quantum quench from
uniform to SSD systems
To study the entanglement entropy evolution, we will go to
Euclidean spacetime by setting it = τ . Then the correlation
function in Eq.(2.3) has the form
〈G | eHSSDτT (w)n (w0, w¯0)e−HSSDτ | G〉. (2.5)
Here in the Euclidean plane w = τ + iσ, one has −∞ < τ <
∞, 0 ≤ σ ≤ L, and w0 = 0 + il (0 ≤ l ≤ L) is used to label
the position of the twist operator. The superscript (w) in T (w)n
denotes the coordinate. Two conformal boundary conditions
are imposed along σ = 0 and L, respectively. For simplicity,
we assume the two boundary conditions are the same.43
To evaluate the correlation function in Eq.(2.5), we take the
following two strategies:
(i) Heisenberg picture. Instead of evolving the states, we
will evolve the operator Tn with the Hamiltonian HSSD in
Heisenberg picture. By conformal transformation into a cer-
tain coordinate, it is quite straightforward to write down the
operator’s evolution.
(ii) We start from Mo¨bius Hamiltonian HMo¨b(θ) first. Tak-
ing θ → ∞, we can read out the SSD result. As we men-
tioned in the introduction, the SSD Hamiltonian has a con-
tinuous spectrum. In case of unnecessary IR problem, we re-
gard the Mo¨buis Hamiltonian as a regularization of SSD. To
be concrete, in terms of stress-energy tensor T , the Hamilto-
nian HMo¨b(θ) in w-plane can be written as15
HMo¨b = H0 − tanh(2θ)
2
(H+ +H−) , (2.6)
where
H0 =
∫ L
0
dσ
2pi
Tττ (σ) =
∫ L
0
dσ
2pi
(T (w) + T¯ (w¯)), (2.7)
and
H± =
∫ L
0
dσ
2pi
(
e±2piw/LT (w) + e∓2piw¯/LT¯ (w¯)
)
. (2.8)
Apparently, for θ → ∞ we have HMo¨bius(θ → ∞) = H0 −
1
2 (H+ +H−), which is the SSD Hamiltonian.
8
Based on the above two strategies, we are ready to calcu-
late the correlation function in Eq.(2.5). Readers who are not
interested in the technical part can go to the result in Eq.(2.22)
directly. Now let us consider the conformal mapping
z = e
2pi
L w, (2.9)
which maps the strip in w-plane to a complex z-plane. The
two boundaries along σ = 0, L in w-plane are mapped to a
slit along z = x± i0, with x ∈ [0,∞). The holomorphic part
of HMo¨b in z-plane is
H
(z)
Mo¨b =
2pi
L cosh(2θ)
[
cosh(2θ)
∮
zdz
2pii
zT (z)
− sinh(2θ)
2
∮
z2 + 1
2pii
T (z)dz
]
− pic
12L
.
(2.10)
Apparently, the Hamiltonian H(z)Mo¨b is still complicate and we
do not know how to act it on the primary field. It is found
that one can use a Mo¨bius transformation to further map it to
z˜-plane:15
z˜ = f(z) = −cosh θz − sinh θ
sinh θz − cosh θ . (2.11)
Then the holomorphic part of HMo¨b has the simple form
H
(z˜)
Mo¨b =
1
iL cosh(2θ)
∮
z˜T (z˜)dz˜ − pic
12L
=
2pi
L cosh(2θ)
L
(z˜)
0 −
pic
12L
.
(2.12)
It is similar for the anti-holomorphic part of H(z˜)Mo¨b. Then we
have
eHMo¨bτT (z˜)n (z˜, ¯˜z)e−HMo¨bτ = λ2hT (z˜)n (λz˜, λ¯˜z), (2.13)
4which is nothing but the dilatation operation in z˜-plane. Here
h is the conformal dimension of Tn in Eq.(2.4), and
λ := exp
(
2piτ
L cosh(2θ)
)
. (2.14)
Back in z-plane, its effect is to shift the operator T (z)n from z
to znew, where znew is related with z as
f(znew) = λf(z), (2.15)
with f(z) given in Eq.(2.11). Then one can obtain
znew =
[(1− λ) cosh 2θ − (λ+ 1)]z + (λ− 1) sinh 2θ
(1− λ) sinh 2θ · z + [(λ− 1) cosh 2θ − (λ+ 1)] .
(2.16)
Therefore, the correlation function of Tn can be written as:
〈G | eHMo¨bτT (w)n (w0, w¯0)e−HMo¨bτ | G〉
=
(
∂z
∂w
)h(
∂z¯
∂w¯
)h(
∂znew
∂z
)h(
∂z¯new
∂z¯
)h 〈
T (z)n (znew, z¯new)
〉
.
(2.17)
Here 〈T (z)n (z, z¯)〉 is the one point correlation function in a
boundary CFT. The boundary condition is imposed along the
slit z = x ± i0 on real axis, with x ∈ [0,∞). Explicitly,
〈T (z)n (z, z¯)〉 can be expressed as
〈T (z)n (z, z¯)〉 = Abn · (
1
4
z−
1
2 z¯−
1
2 )h · ( 2ai
z
1
2 − z¯ 12 )
2h, (2.18)
where Abn is an amplitude depending on the selected bound-
ary condition, which will affect the entanglement entropy by
an order ∼ O(1) term. a is a UV cut-off, which may be con-
sidered as the lattice spacing in a microscopic lattice model.
Recall that in the procedures above, the Hamiltonian we
use is HMo¨b(θ). One needs to further take θ → ∞ to obtain
the SSD limit. After some tedious but straightforward steps,
finally we arrive at
〈G | eHSSDτT (w)n (w0, w¯0)e−HSSDτ | G〉
=Abn
(
2pi2a2
L2
)h
·
(
1
m(t)2 +m(t) · n(t)
)h
,
(2.19)
where
m(t) =
√
n(t)2 + sin2
2pil
L
, (2.20)
and
n(t) =
(
1− cos 2pil
L
)
2pi2t2
L2
− cos 2pil
L
. (2.21)
Here we have already taken the analytical continuation τ →
it. Then based on Eqs.(2.1)∼(2.3), one can obtain the entan-
glement entropy for A = [0, l] as follows
SA(t) =
c
12
log
{
L2
2pi2a2
· [m(t)2 +m(t) · n(t)]} , (2.22)
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FIG. 3. Comparison between numerical results and CFT calculation
for entanglement entropy evolution SA(t) after a quantum quench
from a uniform CFT to a sine-square deformed CFT. Here we choose
L = 500.
where we have neglected the O(1) term ∼ c logAbn=1 con-
tributed by the conformal boundary condition. As shown in
Fig.3, we compare our field theory result SA(t) with the nu-
merical calculation on a lattice fermion chain (See the ap-
pendix for numerics. The only fitting parameter we used is
the global constant shift in the ground-state entanglement en-
tropy SA(t = 0). It is noted that for a free fermion model,
this constant term in SA(t = 0) has been exactly evaluated
in Ref.44.). They agree in an excellent way. One remark-
able feature is that the entanglement entropy SA(t) grows
as SA(t) ' c3 log t in the long time limit. Although the
system is defined on a finite space [0, L], in contrast to the
uniform CFT,45 no revival appears here. This agrees with
previous observations that a CFT with SSD effectively has
an infinite length limit. In our case, the signal caused by
a quench can never reach the ‘boundary’ of the SSD sys-
tem and reflect back. One intuitive picture is to consider the
sine-square deformation directly. Since sin2 pixL vanishes near
the boundaries x = 0, L, the local group velocity of quasi-
particles v(x) = 2 sin2 pixL will go to zero when approaching
the boundary. Then it takes an infinite time for the quasipar-
ticles to reach the boundary and reflect back. We will give
further discussion on this effect in next section.
It is noted that there is much more information in SA(t) in
Eq.(2.22) and Fig.3, which we will analyze case by case in the
following:
(i) t = 0
This corresponds to the ground state of a CFT with open
5boundary condition. SA(t) in Eq.(2.22) can be simplified as
SA(t = 0) =
c
6
log
[
L
pia
sin
(
pil
L
)]
. (2.23)
This is the well known result for a finite interval of length l at
the end of a CFT living on [0, L].46
(ii) l = L/2, t > 0
Now the subsystem is the left half (or right half) of the total
system. SA(t) has a very simple expression as follows
SA(t) =
c
6
log
[
1
a2
(
t2 +
L2
4pi2
)]
− c
6
log
(
L
4pia
)
. (2.24)
One can find there is a crossover around t∗ = L/2pi (see also
Fig.3). For t  t∗, SA(t) = c6 log(L/pia) is independent of
time; while for t  t∗, SA(t) ' c3 log t, which is universal
and independent of l and L, as can be observed in Fig.3.
(iii) l L, t > 0
As shown in in Fig.3, for arbitrary l ∈ (0, L), there is a
crossover time t∗, so that for t t∗ one has SA(t) ' SA(t =
0), and for t  t∗ one has SA(t) ' c3 log t. In particular, for
l L, one can find a simple expression of t∗ as follows:
t∗ =
L2
2pi2l
, l L. (2.25)
When the length L of total system is fixed, one can find that
t∗ ∝ l−1. This explains why there is a wider plateau for
smaller l in Fig.3. In other words, the smaller l is, the longer
time SA(t) stays in its initial value SA(t = 0). This may
be intuitively understood as follows. Since the Hamiltonian
density is sine-square deformed, the local group velocity of
quasi-particles also varies in position. The group velocity is
smaller near the boundary, and larger near the center of the
system. If the entanglement cut is close to the boundary (this
corresponds to l  L or L − l  L), it takes the quasi-
particles longer time to reach (or escape) subsystemA. There-
fore, SA(t) will stay at its initial value for a longer time.
For general l ∈ (0, L), the crossover time t∗ is determined
by
t∗ =
L
2pi
· sin−1
(pil
L
)
·
√
max
(∣∣∣ cos 2pil
L
∣∣∣, ∣∣∣ sin 2pil
L
∣∣∣).
(2.26)
We emphasize that for t  t∗, the entanglement entropy
grows as SA(t) ' c3 log t all the way, with no revival. This
is the feature of an infinite system. On the other hand, in the
works by Ishibashi and Tada,13,14, it was found that the en-
ergy spectrum of a CFT with SSD is continuous. Recall that a
uniform CFT on a finite space of length L has energy spacing
∼ 1/L, which is discrete for a finite L. From this point of
view, a CFT with SSD seems to have an infinite length limit.
Here, we studied this effect from the time evolution of entan-
glement entropy after a quantum quench.
As a remark, it is noted that in the CFT calculation the en-
tanglement entropy grows as SA(t) ' c3 log t with no upper
bound in the long time limit. Apparently, this is not the case
for a lattice model, since there is a finite number of degrees of
freedom in a subsystem of finite length and the energy spec-
trum is of finite width. In a lattice model, the entanglement
entropy will finally saturate. One can refer to Ref.47 for more
related discussions.
C. Physical interpretation of t∗
To further understand the physical meaning of t∗ in
Eq.(2.25), again, it is helpful to consider the quasi-particle
picture. Compared to the cases of global quench,29–31 local
quench,32–35 and inhomogeneous quantum quench,22–25,37–40
there is a fundamental difference here. In our case, since the
initial state is the ground state of a uniform CFT, which is
long-range entangled, there is not an intuitive picture on how
the entangled pairs of quasi-particles are distributed in the ini-
tial state.48
To discuss the physical meaning of t∗, we assume that
the quasi-particles are emitted from the main bulk of the
system, and then we check the time scale that these quasi-
particles propagate into the region (0, l) with l  L. This
assumption is quite reasonable because the Hamiltonian den-
sity 2 sin2
(
pix
L
)
h(x) is more uniform near the two ends of the
SSD system, and looks almost the same as the uniform Hamil-
tonian density h(x) up to a global factor. Then in the quan-
tum quench by evolving the ground state ofH0 withHSSD, the
quasi-particles are mainly emitted from the bulk of the system.
Now we consider the quasiparticles emitted from ξ, with
ξ ∼ O(L). These quasi-particles will contribute to the entan-
glement entropy of A = (0, l) after a time
tq =
∫ ξ
l
dx
v(x)
. (2.27)
Here v(x) = 2 sin2
(
pix
L
)
is the group velocity of quasi-
particles at x. It is straightforward to obtain
tq =
L
2pi
(
1
tan pilL
− 1
tan piξL
)
. (2.28)
Recall that l ξ and l L, then tq can be further simplified
as
tq ' L
2
2pi2l
, (2.29)
which is nothing but t∗ in Eq.(2.25). That is, t∗ actually char-
acterizes the light-cone of quasiparticles that enter the subsys-
tem A = (0, l). This explains why for t  t∗, the entangle-
ment entropy SA(t) of A = (0, l) does not increase, while for
t ∼ t∗, the entanglement entropy starts to grow in time.
For a generic l which is of order O(L), to have a quasi-
particle interpretation of t∗ in Eq.(2.26), one needs to know
more concrete information about the distribution of entangled
pairs of quasi-particles in the initial state, which is beyond the
scope of our current work.
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FIG. 4. Comparison between numerical results and CFT calculation
for entanglement entropy evolution after a quantum quench from a
uniform CFT to a Mo¨bius deformed CFT. It is found that the period
of oscillations isL cosh(2θ) and the amplitude of oscillation is 2θ/3.
Here we choose l = L/2 with L = 500.
III. ENTANGLEMENT EVOLUTION:
QUENCH FROM UNIFORM TO Mo¨BIUS DEFORMED
SYSTEMS
In the previous section, we have studied the quantum
quench from a uniform system to a SSD system. It is natu-
ral to ask the following: what happens for the Mo¨bius defor-
mation? It is interesting to see how the Mo¨bius deformation
interpolates between the uniform and SSD cases.
To be concrete, we prepare the initial state as the ground
state of a uniform CFT on a finite space [0, L]. Starting from
t = 0, we have the initial state evolve according to the Mo¨bius
Hamiltonian in Eq.(2.6), and we study the time evolution of
entanglement entropy. The procedures are almost the same as
those in Sec.II, except that now we do not take the limit θ →
∞. After some straightforward algebra, one can find the time
evolution of entanglement entropy for subsystemA = [0, l] as
SA(t) =
c
12
log
{
L2
2pi2a2
[
f(t)2 + f(t) · h(t)]} , (3.1)
where, as before, we have neglected the O(1) contribution
from the conformal boundary condition. f(t) and h(t) have
the expressions:
f(t) =
√
h(t)2 + sin2
2pil
L
, (3.2)
and
h(t) =−
(
sin2
pit
Leff
· cosh(4θ) + cos2 pit
Leff
)
· cos 2pil
L
+ sin2
pit
Leff
· sinh(4θ),
(3.3)
where
Leff = L cosh(2θ). (3.4)
This effective length can be alternatively obtained by consid-
ering a CFT in curved spacetime (see Appendix B). As a self-
consistent check, one can find that SA(t) reduces to Eq.(2.23)
for t = 0, and reduces to Eq.(2.22) for θ →∞, as expected.
The comparison between CFT results and the numerical
calculation is shown in Fig.4, and the agreement is excellent.
For θ = 0, since the Mo¨bius Hamiltonian is the same as the
uniform case, then there is essentially no quench (see Fig.4).
For θ > 0, it is interesting that oscillations appear in SA(t).
Based on SA(t) in Eqs.(3.1)∼(3.4), one can find the period of
oscillations is Leff = L cosh(2θ). For θ → 0, the oscillation
period is L, which is as expected for a uniform CFT. On the
other hand, in the SSD limit θ →∞, the oscillation period be-
comes L cosh(2θ) → ∞. This agrees with the fact that there
is no revival in SA(t) for a CFT with SSD.
To see the features of SA(t) in Eq.(3.1) more clearly, let us
focus on the case l = L/2. Then SA(t) can be simplified as
SA(t) =
c
6
log
{
L
pia
[
sin2
(
pit
Leff
)
e4θ + cos2
(
pit
Leff
)]}
.
(3.5)
The period of oscillations with T = Leff = L cosh(2θ) can
be explicitly seen in this expression. In addition, one can find
that the amplitude of oscillations grows as we increase θ. For
l = L/2, the amplitude of oscillations has a very simple ex-
pression
SA(t =
Leff
2
)− SA(t = 0) = 2c
3
θ, (3.6)
which grows with θ linearly, as can be observed in Fig.4.
Furthermore, it is straightforward to check that as θ → ∞,
the entanglement entropy evolution in Eq.(3.1) will reduce to
the SSD case in Eq.(2.22), as expected.
As a short summary, by studying the quench dynamics in a
CFT with Mo¨bius deformation, one can find that the effective
length of the system becomes Leff = L cosh(2θ), which inter-
polates between the uniform and SSD systems, as we tune θ
from 0 to∞.
Remark: It is noted that the effective length Leff can also
be understood based on the quasiparticle picture. For the
Mo¨bius deformation, the group velocity of quasi-particles at
x is v(x) = 1 − tanh(2θ) cos 2pixL . Since the system is sym-
metric about x = L/2, for an entangled pair of quasiparticles
emitted from x, they will meet again at L− x at time
tq =
∫ L
0
dx
v(x)
= L cosh(2θ). (3.7)
7Similarly, the entangled-pair of quasiparticles emitted from
L − x will meet again for the first time at x with time tq =
L cosh(2θ). This explains why we observe a revival of SA(t)
with a time period L cosh(2θ).
IV. CONCLUDING REMARKS
Let us first summarize our main results, and then make
some comments.
We studied analytically the quench dynamics of a sine-
square deformed CFT, which was proposed to have contin-
uous energy spectrum and infinite length limit. By quench-
ing from a uniform CFT to a sine-square deformed CFT on
[0, L], it was found that the entanglement entropy SA(t) for
subsystem A = [0, l] evolves in time in a universal way.
There exists a crossover time t∗. For t  t∗, SA(t) does not
evolve in time; for t  t∗, SA(t) grows in time all the way
as SA(t) ' c3 log t, with no revival. This feature indicates
that the CFT with SSD effectively has an infinite length limit,
consistent with previous analysis on the energy spectrum. In
addition, we studied analytically the quench dynamics of a
Mo¨bius deformed CFT. Aside from some interesting features,
it was found that a length scale Leff = L cosh(2θ) appears in
the time evolution of the entanglement entropy, which inter-
polates between the uniform and SSD systems. We hope our
work can stimulate more interest in the non-equilibrium dy-
namics in sine-square deformed CFTs and other related non-
uniform CFTs.
As will be studied in Ref.47, the setup in this work pro-
vides a building block for studying the Floquet dynamics in
a conformal field theory. That is, one can drive a CFT with
Hamiltonians H0 and HSSD [see Eqs.(1.1) and (1.2)] periodi-
cally, and see if the system can be heated or not. Compared to
the previous work on boundary-driven CFT,49 now we have a
bulk-driven Floquet CFT which can be analytically solved.47
In addition, careful readers may have noticed that when
evaluating the correlation function in Eq.(2.5), we did not in-
troduce any UV regularization, in contrast to other setups such
as Refs.29–35. The reason is as follows. The effect of time
evolution operator U(t) = e−iHSSDt is simply to evolve the
primary operator O(z, z¯) to O(znew, z¯new). The rest of the
calculation is essentially evaluating the correlation function
within the ground state of H0. This is in contrast to other
setups where the evaluation of correlation functions cannot be
reduced to the calculation within the ground state of H0.
There are many open questions and we would like to men-
tion some of them here:
– In our work, we quench a uniform CFT to a non-uniform
CFT. There are many other interesting setups for quantum
quenches, which may be used to study the property of sine-
square deformed CFTs, such as the global and local quenches
as introduced in Refs.30 and 32. Technically, it will be more
involved to study these setups because the CFT with SSD is
defined on a finite space. There are more boundaries intro-
duced by the global/local quenches, and one needs complicate
conformal mappings to study these quenches. We also want
to point out that there are other interesting entanglement mea-
sures that may be helpful to detect how the entanglement is
generated (or propagates) in a CFT with SSD. See, e.g., Fig.10
in Ref.50, on how to use entanglement negativity to detect the
distribution of EPR pairs in a CFT after a quantum quench.
– It is also interesting to study other kinds of deformations,
such as a sinn deformation. It is expected that the Virasoro
generators Ln and L−n with n > 1 will also appear in the
Hamiltonian. The feature of energy spectrum for CFTs with
such deformations was even not well understood. It is inter-
esting to see if such deformations can be analytically studied
within the CFT approach.
– Recently, measuring the time evolution of (Renyi) en-
tanglement entropy after a quantum quench was realized in
cold atom experiments,51 where the (1+1)-d quantum system
is quenched from a Mott insulator phase to a superfluid phase.
Here, the setup in our work applies to arbitrary (1+1)-d quan-
tum critical systems that can be described by a CFT. We ex-
pect that our setup may be realized in cold-atom experiments
by tuning the tunneling strength between neighboring sites
through the optical lattice depth.52 It is noted that the tunnel-
ing strength corresponds to the hopping strength in the lattice
model (see Appendix A). By tuning the tunneling strength in
space in a sine-square deformed way, one may realize SSD as
well as its quech dynamics in experiments.
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Appendix A: Lattice model
To confirm our field theory result in the main text, we cal-
culate the entanglement entropy evolution based on a free
fermion lattice model. We prepare the initial state as the
ground state |G〉 of a uniform free fermion chain with half-
filling:
H0 =
L−1∑
i=1
hc†i ci+1 + h.c., (A1)
where h is the hopping strength, and we choose h = 1/2
throughout the calculation. The length of the chain is
L and open boundary condition is imposed. ci (c
†
i ) are
fermionic operators, which satisfy the anticommutation rela-
tions {ci, cj} = {c†i , c†j} = 0, and {ci, c†j} = δij .
8Then at time t = 0, we have the initial state |G〉 evolve
according to the new hamiltonian, which is non-uniform in
space:
H1 =
L−1∑
i=1
[
1− tanh(2θ) · cos
(
2pi(i+ 1/2)
L
)]
c†i ci+1+h.c.
(A2)
Note that for θ = 0, H1 corresponds to the uniform Hamil-
tonian, and for θ → ∞, H1 corresponds to the Hamilto-
nian with SSD. Then one can calculate the two-point correla-
tion function 〈ψ(t)|c†i cj |ψ(t)〉 in subsystem A, with |ψ(t)〉 =
e−iH1t|G〉. Based on the two-point correlation functions,
one can calculate the entanglement entropy SA(t) following
Peschel’s method.54
We compare our numerical calculation with the CFT re-
sults for cases with θ → ∞ and finite θ, respectively. The
only fitting parameter we choose is the global shift (which is a
constant) in the ground-state entanglement entroy SA(t = 0),
arising from the cut-off and boundary conditions. (It is noted
that for a free fermion model, this constant term in SA(t = 0)
has been explicitly evaluted in Ref.44.) The agreement is ex-
cellent, as shown in Figs.3 and 4.
Appendix B: CFT in curved space-time
In this section, we explain that the sine-square deformed
Hamiltonian or Mo¨bius Hamiltonian can be regarded as a CFT
in curved space-time.
The CFT in curved space is invariant under coordinate
transformation and Weyl transformation. For example, we
consider a multi-point correlation function
〈O1(x1)O2(x2)...〉ds21 , (B1)
in the space with metric
ds21 = gµν(x)dx
µdxν . (B2)
The correlation function is invariant under the coordinate
transformation
Oi(xi)→ Oi(yi) |yi=f(xi)
ds21 → ds22 = gµν(x)
∂xρ
∂yµ
∂xσ
∂yν
|x=f−1(y),
(B3)
and the Weyl transformation
Oi(xi)→ e−∆iσ(xi)Oi(xi)
ds21 → ds23 = e2σ(x)ds21,
(B4)
where ∆i = hi + h¯i. More explicitly, the three correlation
functions
〈O1(x1)O2(x2)...〉ds21
=〈O1(y1)O2(y2)...〉ds22 |yi=f(xi)
=e−
∑
i ∆iσ(xi)〈O1(x1)O2(x2)...〉ds23
(B5)
are equal to each other. With these results, we can rewrite the
theory with Mo¨bius Hamiltonian as a CFT in curved space.
As discussed in section II, the operators in coordinatew and
coordinate z˜ are related by
φ(w)(tE , x) = e
HtEφ(w)(0, x)e−HtE
=(
2pi
L
)2h
e
4pih
L cosh 2θ tE
(cosh 2θ − sinh 2θ cos 2pixL )2h
φ(z˜)(z˜, ¯˜z),
(B6)
where
z˜ = −e 2pitEL cosh 2θ cosh θe
2pii
L x − sinh θ
sinh θe
2pii
L x − cosh θ ,
¯˜z = −e 2pitEL cosh 2θ cosh θe
−2pii
L x − sinh θ
sinh θe−
2pii
L x − cosh θ .
(B7)
We will show that the Mo¨bius Hamiltonian in w coordinate
can be regarded as CFT in the space with metric
ds2(w) =
dt2E
cosh2 2θ
(cosh 2θ−sinh 2θ cos 2pix
L
)2+dx2. (B8)
Note that the metric in z˜ is
ds2z˜ = dz˜d¯˜z. (B9)
The metric in z˜ and w can be transformed to each other by a
coordinate transformation (B7) and a Weyl transformation
ds2(z˜) = e
2σds2(w), (B10)
where
e2σ = (
2pi
L
)2
e
2pitE
L cosh 2θ
(cosh 2θ − sinh 2θ cos 2pixL )2
. (B11)
With (B3) and (B4), we get the same relation (B6) from CFT
in curved space. Furthermore, we can calculate the effective
length of the system∫ L
0
√
gxx
gtt
dx = L cosh 2θ, (B12)
which is the same as Leff in Eq.(3.4). As studied in Sec.II C,
it is also interesting to check the effective distance between
x1 = l and x2 = ξ as follows:
Leff(x1, x2; θ →∞) =
∫ ξ
l
√
gxx
gtt
dx
=
L
2pi
(
1
tan pilL
− 1
tan piξL
)
.
(B13)
For l L and l ξ, one has
Leff(x1, x2; θ →∞) ' L
2
2pi2l
. (B14)
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